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Introduction

HEN a multiaxial-mode laser is used in a laser Doppler
anemometer (LDA) system the resulting signal contains
distinct frequencies other than the Doppler frequency.! The
other frequencies are the result of the Doppler signal ‘‘beat-
ing’’ with the axial modes of the laser. If the beat frequencies
are close to the Doppler frequency, it may not be possible to
separate them, by electronic filtering, for example. This prob-
lem is particularly relevant to high-velocity flows where
Doppler frequencies may be comparable to the intermode
frequency of the laser. The axial modes and related beat
frequencies can be eliminated by installing a tuned etalon to
achieve single axial-mode laser operation. Unfortunately, this
results in a large loss in incident laser beam power, which is
undesirable, particularly for high-velocity measurements.
Although the presence of ‘‘beat’’ frequencies in LDA sig-
nals has been experimentally verified, the impact they may
have on validated LDA measurements has not been investi-
gated. It is not clear that isolation of the Doppler frequency
from the beat frequencies or elimination of the beat frequen-
cies is necessary, in practice. To ascertain the practical effects
of multiaxial-mode laser operation on LDA measurements, a
sequence of experimental tests were run at relevant flow and
LDA operating conditions. From these tests, it is concluded
that the presence of the beat frequencies had no significant
effect on the measured mean velocities. Data rates were in
general higher during multimode operation and measured ve-
locity fluctuation intensities were marginally lower without
etalon mode selection.

Experimental Setup

A small-scale (~12X ~15-mm test section) wind tunnel
with a nominal test section Mach number of 2 was used for the
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experiments. The tunnel was small enough to be run from a
machine shop air supply. Measurements were made using the
514.5-nm channel of an argon-ion laser in a forward-scatter
LDA system with counterbased processing and with 1% com-
parison tolerance for the rejection of noisy bursts. A single
measurement was obtained per Doppler burst, based upon
eight fringes with a total of 1024 measurements acquired per
sample location. Polystyrene latex spheres of 0.54 um diame-
ter were used as the seed material for the tests.

The tests consisted of systematically varying the velocity at
the LDA measurement volume by traversing the measurement
volume along the axis of the tunnel. In this manner, a wide
range of mean flow velocities and corresponding Doppler and
beat frequencies were obtained. Measurements were made
with and without an etalon installed (termed single-mode and
multimode operation, respectively) and at two different laser
power levels (0.5 and 1.2 W on all lines for single-mode
operation; 1.0 and 2.0 W on all lines for multimode opera-
tion). Furthermore, a range of electronic filter bandwidths
were successively applied at each location to assess the effects
of selective filtering on the processed signal. The filter settings
include low-limit/high-limit filter combinations of 65/200,
50/200, 20/200, and 10/200 MHz. The etalon was carefully
tuned before initiating each set of tests.

Results

For the LDA used in the tests, the Doppler frequency vp and
the beat frequency »p closest to the Doppler frequency vary
with the flow velocity as indicated by the solid lines in Fig. 1.
(Frequency in megahertz is given on the right axis for conve-
nience.) vp and vp are widely separated for very low and very
high velocities; but they are comparable and in fact pass
through one another at a velocity of approximately 250 m/s.
(The reference velocity used on the abscissa in both figures is
the mean velocity in the tunnel obtained with etalon mode
selection, at the maximum power of 1.2 W, and the narrowest
permissible bandpass filter combination.) The electronic
bandpass filter limits were such that, for multimode opera-
tion, at most one beat frequency was possible in the processed
signal. All other beat frequencies were easily eliminated by the
filters. In many cases, the filters eliminated all beat frequen-
cies.

Figure 1 shows the mean velocity results (left axis) for both
single and multimode operation at 1.2 and 2.0 W, respectively.
The two groups of data form (within experimental error) two,
slightly displaced, parallel lines. It was found that the laser
power and, more importantly, filter bandwidth had no signif-
icant effect on the measured mean velocities for either group,
and in order to simplify the graph these variables were not
included in Fig. 1. The small displacement between the two
groups of data is not associated directly with the operation of
the etalon, but rather it is due to a change in alignment and
orientation of the LDA that was required when the etalon was
installed and tuned. Accounting for this fixed bias, there was
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Fig. 1 Measured mean velocity (left axis) and Doppler and beat
frequency (right axis) vs tunnel reference velocity, 50/200 MHz band-
pass filter limits. e, 1.2 W, single mode; o, 2.0 W, multimode.
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no statistically significant difference between the single and
multimode mean velocity results. Furthermore, data rates
without the etalon and the laser operation at 2.0 W were
typically on the order of several thousand per second com-
pared to less than one thousand per second in the case of
single-mode operation at 1.2 W (with comparable photomulti-
plier voltage and signal conditioner amplification).

The velocity fluctuation intensity (the rms level divided by
the measured mean velocity) is shown in Fig. 2 for selected
conditions. (Again, for clarity, all of the available data were
not plotted in this figure.) For both single and multimode
operation, it was found that the measured intensity decreased
as the filter bandwidth was tightened about the Doppler fre-
quency and as the laser power was increased. These trends are
present in the representative data-shown in Fig. 2. This behav-
ior was expected.

Comparing single and multimode operation, the single-
mode intensities generally showed more sensitivity to laser
power. More significantly, the multimode intensities were gen-
erally lower than those obtained with tuned etalon, single-
mode selection, although the difference between the two was
frequently only slightly beyond the limits for statistical signif-
icance. These results were not expected.

Dopheide and Durst! demonstrated (using a He-Ne laser)
that LDA signals containing several beat frequencies have the
appearance of noisy signals. One would expect such signals to
yield larger ‘‘effective’’ velocity fluctuation intensities and/or
reduced data rates due to the presence of additional zero
crossings in the high-passed signal. Neither was found to occur
in the reported tests, particularly when the additional available
laser power was utilized for the multimode tests.

A better understanding and explanation of these test results
would require more extensive and systematic testing; however
a speculative explanation is proposed: For multimode opera-
tion, part of the ‘“‘noise’’ in the LDA signal is really the
superposition of many higher-frequency beat signals with the
Doppler frequency. Theoretically, and other things being
equal, single-mode operation should result in an increase in
the signal-to-noise ratio (SNR). However, for the reported
tests the theoretical gain in SNR may have been entirely offset
by the attendant decrease in available laser power. Since the
powers reported here were measured on all transmitted wave-
lengths rather than on the 514.5-nm wavelength alone, and
since the power available in the 514.5-nm line depends upon
which axial mode is selected during etalon tuning, it is likely
that the actual power available was significantly lower for the
single-mode tests. In addition, spectral analysis' shows that
the power in the beat frequencies is lower than the power at
the Doppler frequency and, in the present case, many beat
frequencies did not contribute to the ‘‘noise’’ since electronic
filtering conveniently removed all but one. As a consequence,
it is possible that the actual SNR was higher in multimode tests
at 1.0 and 2.0 W than in the single-mode tests at 1.2 W. This
would be consistent with the improved data rate and lower
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Fig. 2 Measured turbulence intensity (%) vs tunnel reference veloc-

ity. Open symbols, multimode operation; solid symbols, single-mode
operation.

velocity fluctuation intensities found using the multiaxial-
mode laser.

Conclusions

The results of these tests indicate that the presence of beat
frequencies in the LDA signal does not necessarily result in
poor quality measurements or reduced data rate. In particular,
no effect was observed in the mean velocity measurements,
and the data rates for multimode operation exceeded single-
mode data rates when the additional beam power was em-
ployed. Higher-level velocity fluctuation intensities were not
associated with multimode operation. ‘
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Nomenclature

b = wing span

E = complete elliptic integral of the second
kind, modulus &

e = span efficiency factor, Cp; = C?/(nAge)

K = complete elliptic integral of the first kind,
modulus &

= modulus of elliptic function,

N = (b/d)?

sn vy, cnv, dn v = Jacobian elliptic functions, modulus &

v = variable, modulus £, x =sn v

w = uniform downwash

w = downwash on wing vortex trace

Z(v) = Jacobian theta function, modulus &,

‘ EW)—- (E/K)v

r = bound vortex circulation

vy = trailing vortex strength

€ = clearance between wing tip and wind-
tunnel boundary to wind-tunnel radius
ratio, 1 — (b/d)

Subscripts

c = closed-tunnel case

0 = open-tunnel case

Introduction

N our previous paper,! the exact expression of the spanwise

optimum lift distribution and the minimum induced drag
of a straight wing in a circular closed wind tunnel have been
obtained from the Trefftz plane flowfield analysis. In this
study, the spanwise optimum lift distribution and minimum
induced drag of a wing in a circular wind tunnel, with either a
closed or an open working section, are examined exactly. In
the closed-tunnel case, an alternative analysis with Ref. 1 is
derived, and the lift distribution and the induced drag that are
obtained by the present analysis are coincident with those of
Ref. 1. In the Trefftz plane flowfield analysis, the method of
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